We show that the instability leading to the decay of the one-dimensional superfluid flow through a penetrable barrier are due to the black-hole lasing effect. This dynamical instability is triggered by modes resonating in an effective cavity formed by two horizons enclosing the barrier. The location of the horizons is set by v(x) = c(x), with v(x), c(x) being the local fluid velocity and sound speed, respectively. We compute the critical velocity analytically and show that it is univocally determined by the horizons configuration. In the limit of broad barriers, the continuous spectrum at the origin of the Hawking-like radiation and of the Landau energetic instability is recovered.
I. INTRODUCTION
A very relevant and not fully understood problem in the field of supefluidity is the nature of the decay of the flow past a macroscopic obstacle. One the one hand, it is known how superfluidity decays, namely via phase slippage induced by topological excitations like solitons or vortices [1] . However, on the other hand, the question why superfluidity breaks down above a certain critical velocity has not yet found a conclusive answer, except from the limiting case where the obstacle is only a small perturbation of a homogeneous flow, in which case the Landau energetic instability takes place.
Due to its high degree of controllability, an optimal system for the investigation of superfluidity is a Bose-Einstein condensate (BEC) of ultracold dilute atoms [2] . In this system, obstacles are created by laser beams which can be precisely controlled over distances of the coherence length. This has allowed to observe superfluid decay and phase slippage with BECs both with moving obstacles in a bulk [3] [4] [5] [6] , as well as with obstacles forming a constriction for the flow [7] [8] [9] [10] [11] . A quantitative theoretical description of BECs is provided by the Gross-Pitaevskii (GP) equation for the superfluid order parameter Ψ(r, t). It contains the crucial ingredients giving rise to superfluidity -phase coherence and nonlinearity -and deals with a simple single classical field.
These same favorable features have made clear that BECs are also suitable to implement analog models of gravity [12, 13] . Indeed, first experimental evidences of analog model phenomenology and/or quantum vacuum fluctuations have recently been reported [14] [15] [16] [17] .
The analog model description not only puts the rich BEC phenomenology into a much broader context, but allows at the same time for new predictions and interpretations.
In this work, using concepts borrowed from analog models, we show that the supercurrent instability of the compressible flow through a constriction corresponds to the so called blackhole lasing effect [18] [19] [20] . This provides on the one side a deeper understanding of a long standing problem in superfluidity and non-linear dynamics, on the other side it allows to introduce a new setup where the physics of sonic holes emerges naturally.
Focusing on the one-dimensional (1D) flow of a BEC through a penetrable repulsive barrier, we show that the instability governing the underlying saddle-node bifurcation [21, 22] is actually a dynamical black-hole lasing effect, triggered by a finite set of propagating modes which resonate within an effective cavity formed by two horizons enclosing the obstacle. The 
4m 2 of small amplitude modes in the subsonic (left) and supersonic (right) region. The additional modes appearing in the latter propagate back and forth and get amplified, giving rise to the black-hole lasing dynamical instability.
position of these sonic horizons is set by v(x) = c(x) (see Fig. 1 ), with v(x), c(x) being the local flow velocity and sound speed, respectively. Even for a barrier much thinner than the BEC coherence length, the above local quantities are of physical relevance, providing additional negative energy modes inside the cavity where v(x) > c(x). We analytically show that the critical velocity and decay rate depend directly on the horizons configuration, and only indirectly on the shape of the barrier and interaction strength, i.e., two very different barriers can give rise to a comparable critical velocity and decay rate, offering a means of experimental testing. For obstacles much broader than the coherence length, one recovers the continuous spectrum of negative energy modes at the basis of Hawking radiation from a single horizon and of the Landau energetic instability, which is triggered by the presence of an impurity in homogeneous supersonic flows.
II. MODEL SETUP AND SADDLE-NODE BIFURCATION
A BEC flowing in one direction with a strong transverse confinement can be well described by the 1D GP equation [2] :
where ψ(x, t) = n(x, t)e iφ(x,t) is the superfluid order parameter (or the BEC wavefunction),
V (x) is a repulsive square barrier potential of width 2d and height V 0 , and g is the effective 1D interaction strength. We model the flow by imposing that the density n = |ψ| 2 and velocity v = ∂ x φ/m take constant values n ∞ , v ∞ , respectively, far from the barrier at |x| → ±∞. This is completely equivalent to solving the GP in a moving frame without the above boundary conditions, which in turn describes the case of a moving barrier in a standing BEC [21] . The solutions of the nonlinear Eq. verified numerically with GP dynamics [21] and linear stability analysis [22, 26] , the latter is instead dynamically unstable. This unstable behavior, characterized by soliton emission, is also present in the whole region above v c , where the emitted solitons belong to a nonlinear dispersive shockwave [21, 27, 28] . The dynamical saddle-node phase diagram of the upper left panel in Fig. 1 can be modeled by the equationḟ (t) = (v c − v) − f 2 (t), where the unstable region corresponds to a function f diverging in time t. This simple model also explains the universality of the dynamics on all sides of the the bifurcation, which has been verified numerically in [22] .
III. THE BLACK-HOLE LASING EFFECT
In the following, we show that the dynamical instability characterizing the GP saddlenode bifurcation, and thereby responsible for the superflow decay, is due to the black-hole lasing effect, whose origin is the presence of a black-hole-white-hole pair of sonic horizons.
To this purpose, we study perturbations on top of the stationary solutions by means of the Bogoliubov-de Gennes equation. The latter can be written in terms of the flow velocity v(x) and local speed of sound c(x) = gn(x)/m only [29] . Therefore, the excitation spectrum and the presence and the nature of any instability are fully governed by v(x) and c(x).
Remarkably, this property, which allows for the mapping to the Klein-Gordon equation
describing the propagation of a scalar field on a curved spacetime [30] , holds even when the local density description of the flow breaks down, i.e., even when the healing length ξ(x) = /2mc(x) exceeds the barrier width.
As it appears from the lower right panel of Fig 
negative-norm wave of unitary amplitude into two negative-and positive-norm waves of amplitudes α and β, respectively, with |α| 2 − |β| 2 = 1 and |α| > 1. Since the supersonic region is compact, the negative-norm waves, one leftgoing and one rightgoing, are trapped and can be interpreted as a single mode bouncing back and forth between the two sonic points. Consequently, the internal region acts as a resonant cavity for this mode which exponentially grows being amplified at any bounce on the sonic horizons. Formally, this leads to the appearance of positive imaginary parts in the Bogoliubov frequency spectrum.
However, when the horizons are close to each other, a naive analysis of the dispersion relation Eq. (2) is not sufficient to properly describe the properties of the spectrum of these modes. As shown below, one can derive a generalised Bohr-Sommerfeld quantization condition [see Eq. (3)] which fixes the number of resonant negative-norm cavity modes, their frequencies, and growing rates. Accordingly, negative energy modes can appear only if at least one oscillation can be hosted within the two classical turning points ±x s of the Bogoliubov-de Gennes equation. Thus, the presence of a region with c(x) ≤ v(x) is necessary but not sufficient for existence of negative energy modes. Remarkably, the appearance of negative energy modes in a compact supersonic region has been experimentally verified using
Bragg spectroscopy [14] .
In the following, we provide the main results of our calculations, which are presented in detail in the Supplemental Material (SM). We generalise the methods developed in [19, 20, [37] [38] [39] for steplike flow profiles with constant velocity to the physically relevant configuration (see Fig. 1 ) discussed in the present work. It can be shown that, when the fluid velocity is increased, the first unstable mode appears at ω = 0. When the flow is symmetric with respect to x = 0 (more general cases are considered in the SM), this implies that the flow is unstable when 2m
The left-hand side of this inequality is the phase acquired by a zero-frequency mode propagating across the supersonic region. The right hand side is instead associated to the phase acquired by the mode when scattered at the sonic point.
The ratio of the two sides of this inequality is reported in Fig. 2 for the PW (closed dots) and S solutions (open dots) in the hydrodynamic regime (left panel) and for a delta barrier potential (right panel). This ratio is always smaller than one for the PW solution, which therefore never supports a cavity mode, while it is greater then one for the S solution, which parameters as in the lower panels of Fig. 1 ) and for the delta barrier potential (right panels,
then always supports a cavity mode. The main result is that at the bifurcation point both 
for v ∞ , and
Note that the resulting critical velocity depends on the barrier potential only through the local sound speed and flow velocity, accordingly to the adopted analog gravity description. The most general formula valid for any smooth profile is derived in the SM.
As anticipated, the anomalous cavity modes are always dynamically unstable, having positive imaginary parts Γ n of the complex eigenfrequencies. Typical results, computed using the algorithm developed in Ref. [20] are presented in Fig. 3 . In the upper panels, the blue dots represent the value of the cavity mode amplitude |B| 2 as a function of energy ω and for two different cavity lengths 2x s .
In the lower panel the imaginary part is shown. As the cavity width 2x s grows, the number of eigenfrequencies increases while their imaginary parts vanish, such that the spectrum becomes dense in the real interval (0, ω max ). Thus, for x s → ∞, phonons are spontaneously emitted for all frequencies ω < ω max , the emission rate is constant in time (Γ n = 0), and the instability is energetic rather than dynamical. In this limit two different mechanisms can excite the same continuous set of negative-energy modes: (i) Hawking-like pairs of phonons are emitted from each of the two far apart sonic horizons [29] ; (ii) In the presence of impurities phonons are produced by Landau instability. In this regime, achievable with a broad potential such that 2x s ξ s , the critical condition corresponds to the flow velocity reaching the sound speed inside the barrier region, which in our one-dimensional configuration means v(x = 0) = c(x = 0). This criterion has been numerically verified in the hydrodynamic regime of GP equation in one [40] , two [41] [42] [43] [44] and three dimensions [45] [46] [47] and also for a fermionic superfluid using the Bogoliubov-de Gennes equations [48] , as well as in the toroidal BEC experiments of [10, 11] .
IV. CONCLUSIONS
By showing that the instability of the one-dimensional BEC flow through a penetrable barrier is due to the dynamical black-hole lasing effect, this work builds a bridge between field theory in curved spacetime and superfluidity. It provides a deeper insight into the long standing problem of supercurrent instability and also identifies an experimental available setup as a natural candidate to observe interesting physics of fluctuations in curved spacetime.
In particular, we have shown that the system's behavior is governed by the sonic horizons configuration and the (mis)match in the number of excitation modes on the two sides of them. This allowed us to provide a general formula predicting the critical velocity and to characterize the crossover between the dynamical black-hole lasing instability and the Hawking energetic instability. The latter coincides with the well-known Landau instability and is achieved for broad enough barrier potentials.
The present analysis allows also for a suggestive explanation of the known supercritical stationary flow, found for velocities v ∞ larger than a second higher critical velocity [7, 28, 49] .
For this stationary configuration, the flow around the barrier is slower than outside. If v ∞ is large enough the flow will be everywhere supersonic [28] . In this case, at low frequencies, no mode mismatch is present, since there are four propagating modes both in the internal and the external regions [50] . If v ∞ is maintained supersonic but decreased below this higher critical velocity, the internal region may become subsonic. In this case, mode mismatch reappears and phonons are expected to be emitted with a linearly growing rate, as suggested by studies in the context of Lorentz violating quantum field theories [51] .
Our study does not include the possiblity for fluctuations (thermal or quantum) to trigger the instability of the PW branch before the critical saddle-node bifurcation point is reached.
However, the black-hole lasing instability should be the relevant decay mechanism also in this case. It has been indeed shown [52] that fluctuations lead the stable PW branch to tunnel into the unstable S solution. It is the dynamical instability of the latter, which we have shown to be due to black-hole lasing, that leads to soliton emission.
An extension of this study to the two-or three-dimensional flow, where a more complicated horizon configuration appears, would be the object of future study.
Note added. Experimental evidence of black hole laser effect has been very recently reported by Jeff Steinhauer in Ref. [53] .
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region −x s < x < x s and subsonic elsewhere. The point x = x s behaves as the analog of a black hole horizon, in the sense that phonons cannot propagate from the internal to the external region, in much the same way as light cannot escape from the interior of a black hole. Similarly, the point x = −x s is the analog of a white hole horizon.
Adopting the scattering matrix approach of [19] , we neglect the scattering between forward and contra-propagating modes (with respect to the fluid velocity) and consider only contra-propagating modes. Thus, the scattering process at both the horizons x = ±x s can be described in term of two modes. The complex unstable modes are constructed by fixing to zero the amplitude of the incoming positive norm mode entering in the system for the right subsonic asymptotic region, and imposing that the internal bouncing negative norm mode assumes the same values after a full bounce process from one horizon to the other and back to the first one.
This gives a sort of quantization condition, which, as long as the wavelength of the modes is short with respect to the scale of variation of the fluid velocity and speed of sounds, can be expressed through the WKB approximations
where
are the phase acquired by the positive norm mode with wavenumber k + (closed dot, leftmost solution of the dispersion relation in the upper right panel of Fig. 1 ) in the propagation from the white hole (x = x s ) to the black-hole (x = −x s ) and by the two negative norm modes with wavenumbers k 1,2 (open dots, k 1 is the largest of the two solutions) in the propagation between L ω and R ω , the turning points of the two associated modes [54] .
are the scattering matrix connecting the incoming and outgoing field (φ + , φ − ) with positive and negative norm components φ + and φ − , satisfying
This implies
Furthermore, since a white hole is the time reversal of a black hole, the scattering matrix of a white hole can be computed by exchanging ingoing and outgoing modes (i.e., taking the inverse of the scattering matrix) and by taking the complex conjugate of all modes and coefficients:
where we have used Eq. (8), T denotes the transpose operator, and we have denoted by U B the scattering matrix of the corresponding black hole, to distinguish it from the scattering matrix U B of the black hole located at x = −x s . For later convenience we explicitly write the relation among the coefficients of U W and U B :
B. High frequency
No assumption has been made yet on the form of the matrices U B,W . In the high frequency limit the ratios β/α exponentially vanish [55] and the term in parenthesis on the left-hand side of Eq. (5) is 1. Following Ref. [19] , the real part ω n of their complex eigenfrequencies are fixed by a Bohr-Sommerfeld condition for integer n ≥ 1,
where φ B,W = − arg(α B,W ) are the phases acquired by the negative frequency mode when bouncing on the black and white horizons, respectively. A more refined calculation [19, 20] allows one to compute also the positive imaginary parts Γ n of the complex eigenfrequencies, corresponding to modes exponentially growing as e Γnt . To determine the complex eigenfrequencies ω n + iΓ n , which are reported in Fig. 3 of the Main Text, one can exploit the fact that the squared amplitude |B(ω)| 2 of the cavity mode when the system is stimulated by a leftgoing plane wave of unitary amplitude and real frequency ω is a sum of Lorentzians of width Γ n centered at ω n [19] .
C. Low frequency
While the technique presented in the above section allows to follow the evolution of the modes by varying the parameters of the systems, it is not suitable to describe the birth of new unstable modes when increasing x s . In particular it does not allow to estimate under which conditions the first complex mode appears, that is when the system starts to be unstable. In this case, the opposite limit ω → 0 must be considered.
However, in this limit one must carefully check that Eq. (5) is still valid. In this limit, using the dispersion relation of Eq. 2 of the Main Text,
which is large (order of 1/ξ, where ξ is the healing length of the condensate) far enough from the horizon, so that these modes can be described in the WKB approximations. Moreover, in this limit R ω−>0 = x s and L ω−>0 = −x s , so that Eq. (6) yields
Conversely, k 2 = 0 for ω = 0, so the wavelength is infinite and the WKB approximation is no longer valid. However, in this case, the contribution S − of this mode to the total phase vanishes, and Eq. (5) 
Furthermore, for ω → 0 the coefficients of the scattering matrices diverge [55] and the normalization constraints (9) implies that |β| → |α|. Consequently,
modulus 2nπ:
Finally, using the last equation of Eq. (9),
1.
Step-like profiles with homogeneous velocity
In the case of a step-like profile and for a homogeneous flow velocity, the expression β/α in the right-hand side can be computed for each horizons using the results of [56] 
and
Since both this quantity and S + are positive, the first unstable mode appears for n = 0.
When the white hole and the black hole are symmetric, that is β B = β B = β and α B = α B = α, this first mode appear at x s = x 0 , satisfying
This equation agrees with the results of Ref. [37] , where the condition for the appearance of new modes was for the first time analytically computed in this configuration.
2.
Step-like profiles with inhomogeneous velocity
In the more general case, where the velocity profile is steplike, but the velocity of the fluid assumes different values v p and v b in the internal supersonic region and in the external subsonic one, respectively, the general matching conditions for the phonon field where found in [57] . Starting from the Bogoliubov-de Gennes equation
for the evolution of the phonon field on a top of a flowing BEC, where
is a differential operator acting on φ, and assuming a step-like velocity profile of the form
c(x) = c b θ(x s − x) + c p θ(x − x s ),
results of Ref. [38] (recently confirmed by [39] ), where it was noticed that the temperature of the Hawking emission can be computed using an effective surface gravityκ, given by the spatial averageκ 
where c s and ξ s = / √ 2mc s and are the speed of sound and the healing length, respectively, calculated at the horizon and κ is the surface gravity at the horizon. Furthermore, in [57] , it was verified with numerical simulations that the temperature computed with this effective surface gravity is a very good approximation for the temperature of the emission for any kind of horizons, from very smooth transition (standard Hawking regime) to step-like transitions.
In view of those results, in this work we have assumed that, for any given smooth profile defined by its fluid velocity v(x) and by its speed of sound c(x), there exists an equivalence class of profiles with the same scattering matrix. In particular, in this class one can always identify a step like profile 
